CODIMENSION ONE MINIMAL FOLIATIONS WHOSE LEAVES 
HAVE FUNDAMENTAL GROUPS WITH THE SAME 
POLYNOMIAL GROWTH 
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Abstract. Let be a transversely orientable codimension one minimal foli- 
ation without vanishing cycles of a manifold M. We show that if the funda- 
mental group of each leaf of has polynomial growth of degree k {k G Z>g), 
then the foliation T is without holonomy. 

1. Introduction 

In [YT08| , we have considered the foUowing question: how is the fohation without 
vanishing cycles if the fundamental group of each leaf is isomorphic to an elementary 
group? 

We have showed the following in |YT08) : If the fundamental groups of all leaves 
are isomorphic to Z, then the foliation is without holonomy. But if the fundamen- 
tal groups of the leaves are "complicated" , then the foliation can have nontrivial 
holonomy. In this paper, we extend the result as follows. 

Theorem 1.1. Let T a codimension one transversely orientable C*^ minimal foli- 
ation without vanishing cycles of a manifold M . If the fundamental group of each 
leaf L has polynomial growth of degree k for some nonnegative integer k, then the 
foliation T is without holonomy. 

Note that any group which has polynomial growth is finitely generated. 

2. Preliminaries 

First, we recall a vanishing cycle in the sense of Novikov [N65j . 

Definition 2.1. Let be a foliation of a manifold M. A loop 7 on the leaf 
L e F is called a vanishing cycle if there is a mapping F : x [0, 1] — !■ M such 
that arcs F{x, [0, 1]) for every x G are transverse to T, each loop F{S^,t) for 
any t € [0,1] is contained in some leaf Lf, [F{S^,0)] = [7] 7^ 1 G tti{L), and 
[^(51,3)] ^ 1 e TTi{Ls) for all s e]0,l]. 

We define a trivial fence as follows |Y09| . 

Definition 2.2 (Trivial fences). Let be a transversely oriented foliation of a 
manifold AI. For a compact subset K oi a, leaf Lq of T, an embedding F : K x 
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[0, 1] — > M is called a positive trivial fence if F{K x {t}) is contained in a leaf Lt 
of J", F\K X {0} is the inclusion K c Lq and F{{x} x [0, 1]) is transverse to J". 

Remark 2.3. For an arcwise connected compact subset if of a leaf L, a positive 
trivial fence on K exists if and only if the holonomy on the positive side along any 
loop in K is trivial. 

To prove the main theorem, the following statement will be helpful. 

Lemma 2.4. Let G be a group with polynomial growth of degree k 6 Z>o and 
H < G subgroup of G with the same growth. Then, for any g € G, there is a 
positive integer n e Z>o such that £ H. 

Proof. Let ^ be a generating set of G and V. a generating set of H with "H C Q. 
We define the word lengths on G and H by these generating sets. Let Gm bo the 
set of the elements of G whose word lengths are at most m and the set of the 
elements of H whose word lengths are at most m. By contradiction, suppose that 
there exists go & G such that g^^H for any n € Z>o. 

Claim 1. For n, m € Z and h, h' S H, g^h' = g^h if and only \{n = m and h' = h. 
In particular, g^Hk n g^ Hk' = for any j f. 

Indeed, if n = m and h' = h, then obviously g^h' = g^h. Conversely, suppose 
that g^h' = g'o'h. lin^m, then H 9 h'h~^ = ^ H which is a contradiction. 

Thus n = m and so h' = h. 

Since Gm 2 \JjLo9oHm-j, we have 

m 

#Gm > ^ #goHm-j- 

i=o 

By the definition of polynomial growth, there exists a S R>o such that > oim^ 

for all m e Z>o. Thus 

rn rn m 

i=o i=o j=o 

Therefore #G„ > a • Ej"lo i''- 

Claim 2. There is a positive constant c e M>o such that J^JLo j'' > c- m'^+^ for all 
m G Z>o. 

Indeed, It is well known that 

k 



j=l j=0 V / \ ;=o n=0 ^ ■ 



For sufficiently large M ::!> fc, we have ~ 'j^^^^^- Hence there is a 

desired positive constant c £ IR>o- 

By this claim, we have > OiC ■ for all m € Z>o. Therefore the growth 

of G is more than k. This contradicts with the hypothesis. 
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3. A Key lemma and the proof of the main theorem 

The following key lemma will complete the proof of main theorem. 

Lemma 3.1. Let J- a codimension one transversely orientable minimal C'^ foliation 
on a manifold M. Suppose that each fundamental group 7Ti{L) of any leaf L has 
polynomial growth of degree k for some nonnegative integer k. If there is a leaf Lq G 
J- without holonomy such that the induced homomorphism i» : 7ri(Lo) ~^ t^i{M) of 
the inclusion i : Lq ^ M is injective, then J- is without holonomy. 

Proof. Let F : \I^S^ x [0,1] — > Af be a positive trivial fence on a leaf Lg, 
it Lt M inclusions, Ft : Y^. S-^ Lt the induced maps of t) with i^ o Ft = 
F{-,t), and Ht := im(Ft,) < TTi{Lt) subgroups for any t G [0,1] such that Hq = 
TTi{Lo). Denote by gr(G') the degree of the polynomial growth of a group G. Then 
gr(7ri(Lo)) = gr(io»(im(i^o*))) = gr(it,(im(-P't*))) < S^i^t) for any t e [0, 1]. Since 
the fundamental groups of all leaves have polynomial growth of degree fc, we obtain 
that gT{Ht) < gr(7ri(Lt)) = gr(7ri(Lo)) = gr(-fft) and thus that Ht and 7ri(Lt) 
have the same polynomial growth. By Lemma [2.41 we have that for any t £ [0, 1] 
and any g 6 7ri(Lf), there exists some n £ Z>o such that 5" £ imi^f*- Since any 
codimension one transversely orientable foliation has no finite holonomy, the leaves 
in the saturation of i^(Vfc 5'^x]0, 1[) are without holonomy. By the minimality of 
J^, we obtain the saturation is M. Thus J- is without holonomy. 

Now we prove the main theorem. 

Proof of Theorer dl.ll Since the union of the leaves without holonomy is dense 
[EMT] ■ there is a leaf L oi T without holonomy. Since F has no vanishing cycles, 
by Theorem 3.4. p. 147 |HHj . we obtain that the homomorphism tti{L) — > 7ri(A/) 
induced by the inclusion L — )■ M is injective. By Lemma [331 '^6 have J- is without 
holonomy. 

We have the following corollary. 

Corollary 3.2. Let J- a codimension one transversely orientable transversely real- 
analytic minimal foliation of a manifold M . If the fundamental group tti {L) of each 
leaf L has polynomial growth of degree k for some nonnegative integer k, then the 
foliation J- is without holonomy. 
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